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WC say that 8, l 0.. , e, EL(G) generate G if the smalkst group +20t4tai0i0gtay+fe4(~ is G. 

LQCMA 1. ~tGbcotopolog~c~grapMd~:RC-,Gafiurcrtonu~hi~iraconHm#P 
meqammeter group on erqy variabk when the other miabies arejixed l7un them exirts 
a unique meL(G) such tbt 

6(t, l . ..* t,) - o(t, . . . t,) /or ewry (rr * . . . . YJ G R. 

The proof of this kmma is straightforward with 

a@, . . . t,) - et!, . . . . 1, t, . . . t,). 

Lmm 2 Let A, Bbe conwctcdt’r gtoup~, G a topofogicdgrwp, U: A - G, u: B - G 
continuotu hemomorphimu, whm v &, moreorer, bt@ktive. 

~~a’~~u:A~BLIac~ti~honsomorpiriun. 

Considerthemapuxu:AxB -. GxG, and IctCktheinverseimageofthediagoaal. 
Thus 

is the graph of 0” OU. Since Y x u is a cootiouous homomorphism, C is a dosed subgnmp 
and hence a Lk group. It is countable at infinity, the&ore the first projection prI: C 4 A 
is an isomorphism, and 0” BY - pr, l (prJ” is a cootinuous homomorphkrn 

Asaconsequcact,ifth#tcxisuonGaAoerco~to~iogywithrapsdtowhichG 
is a Lie group, it is unique and this finer topology has the same cootiauous one-prametm 

I 

10 the foIlowing we shall utili these two facu impiicitly. 

Dm 1. An tilvabk topological group G is a solvable topo~o&ai pup 
gen& by a finite number of c~atin~ous one-parameter groups and such that if 9,. 8, 
aL(LYCX these exists aa* r.., G e t(p+%) and real analytic fuacrions PI, ._., P, OLL Rf 
such that fm any real OIzrnbers t,, 12 we hipe 

h&. tt) - aI (JY 08. t2l) . . . s(P&, t td). 

If G is an &soivable topological group, then LYG is also an L-soivabk topoIogi& 
group- 

LMM~~ 3. kt G be an L-soldde topological group. nlere mists on G ajher connected 

topoiogy for wiiich G is a Lie group. 

Denote by 1(c) the smalicst number such that D”-G - (r}. We shall prove the kmma 
by induction on J(G). If J(G) - 0, this is obvious. Suppose it is proved for J(G) ( n-1. 
If J(c) - n, d&ote by H the group D’G with its Lie group stmcturc. Choose a Jo&a 
basis ~1 I, . . . . mk of the Lie algebra L(H). 
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. - h_.&i. 4, . . . . rJL_.Jr,, r2. . . . . r$ x 

x~#Xr,, Cd,, . . ..r.))...d~.(J;(r,,r;,r~, -.,I$), 

tfrI . . r 
2 ,.Ahr r2. . . . . +I 

is a ooe-puraukm group wit& respect to the variable r, ia Q/Pa. 
Repeating this proadure, we sot that there exist homogmeous pOlynomiaL 

O&+*Cr* . ---. r$ (1 c s 4 q-f,+3 of degree p+l such tht 

@I,.~+: (Qt,.,+dh~ ..-. 2,)) . . . ~q(Q.Ch, . . . . #L..,O,~ . . . . r,l 

b a oaqammer zgoup for evuy variable in e/Pa. 
Suppose now that there exist polynomials Qb+,(t, , . . . . r,) (1 ( s ( q-f,.) sad thd 

dr,. .-. 9 tJJ - -I,+ L (QI.+ i (h, . . . . b)) . . . 40, (Q& , . ..* ~$)L..,(tl , . . . , r$ 
is a 00~pmmctcr group for may variable ia P/e. 

There exist unique R,, . . . . R,e~X, ,..., X,,] such that 

&8+ri. 22, . . . . r$ 

- dh 9 It 3 -0. P Q90; t t2 9 . . . . f,h (&(t~, ri , 12, . . . . 1,)) . . . m,(R,(r, , 1;. t,, . . . . t,)). 
The fuaco’oa 

fir,. ri, h, . . . , t,l - co1 (Rl(ri, r;, r2, . . . . r,)) . . . ct+(R,(rl, r;, r2, . . . . 1,)) 



is aaalytic from R-1 into the Lie group Q+’ and tales valuer in cl, the’&- Rc+* 

-O(l <t<q-_i3. 
wiitingz, +(z;+r;3 - (r, +f;)+rP* one gets 

o(r?. U’, r$-‘p(rrl’. U., tj-‘p(r*, . . . . r,)-‘(pr(r, +r;+tl”, H., tJ 

= ~+1(~,+r(4r~;+C~ . ..d$+~.+d~L~~, . ..d$)-.. 
. . . ~f&O,, I; +C , .-., t,)+R& rP, . . . . t$)* x&, r;, r?, . . . . r$ 

- ~,+,(~,+r(rt+t;,r~‘,.-.,r$+~,+t(rtrt;. . . ..r.))... 
. . . ~~(RC(r,+r;,.r:,...,t$+~(r,,rf. ..-.rJJv(rd:& .-4,). 

Wh8 

&kh r,‘, . . . . rd - r;‘,..., r,) -&Rdt;, r;‘, ..-, r,) 
1 

(I. 

. . . of, (&Jr,, h. t;, --. . I$). (5) 

where SI are polynomials and S,,,, (1 < I 4 jr -f,+ J have the same proputks in the 
vafiabk r,, ti as R,,_,+,(: G I ( i,--lb+ J in tt, rf . We shall prove that the polyuomials 
Sk,+, are homogeneous of degree one in rI . 
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~~,t2+tL...t,) - Ir(l*.t2*..-,t,)'97(t~, tL...tpF - 

~‘+~(~~)+,(2t,.t2.t~.~.t$)...cur.(~~(21‘*t2.t~,...,t$).x(t*,t2,t~,.~.r,) (6) 

3$2t,,r,+tL..*t,) = (dt,,t2*....t,)YLtL..*tJ~. 

~,+~(~~*(t*rt2~t~~.-~t,))'.'tOlC(ZSC(tt~t2rt~r...tt~)).P(t,rt2,t;,"-~r,), (7) 

wke x(l,,t,,t;....,t,) and fit,,tts tl, ..-,z,) arc cxprcsioas of the foas 

~r(Jwr. t2,t;s -,t$)--.Q)~,(P~*(t*,t2,t~, . . ..tp& 
. 

~hn+r,....,P~‘ytpdyaomob 

f=Gb.R+, (t*.t2*tL.. t,) is 5ymcwic in t2.r;. plr have 

~t~*t2,t,,....t$lp(il.t;.~2,,.t$ 

- p(t,.t;,t,,...,t,)~t~,t2,t3r...,t$.t(t,,t2,r~, . ..*tJ. 

whcrr titx, t2, G. . . ..I.) is an cxpresdon iumlogous to x(z~,r~,I~....,rJ. 

TbmitfoUowsfrom(6)and(7)andfromthefactthatcu,,...,w,isabasisofL(Q+~) 

Thos G2 is generated by a hitc number of its continuous oneqarameter groups and 
g~(r,. 13 = a; (PiOr,. tJ) . . . z&(F.(r, , 1,)). with ai, . . . . & E f (G3 and P;, . . . . F_ 

E RIX,, &I. 
Therrforc, c is a0 f-solvable topoiogicaf group. I 
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Thc&5nrnrfollowsdircctlyf~mthcBakthaua& , 

We daxotc by g. the anon&l napping of z; bto G., which is the restriction to G 

of the nth prqjectioa of 
rl: 
- G,. 

The projective limit Tf the homomorphism & (k the continwus homomorphism’ 

SZ: G - c defined by J(X) = (a??)) is one-CMne ska fi e - {e). and .x(G) is dense 

in & However. is should be noted that a is not -?bn*o. It is !iuf&icat to satisfy 
tbc following condition to ensure the sujcczivity of f m: 

(P) G L cvmpkte and each &ghbwhcwd of the h!mtity cuntaids one P. 

We now suppose that this condition is satisfied Then J is a tqologic3i isomorphitm 

ixtwccn. G and G, and &: L(G) -+ L@) is bficctk 

-.* 5. (UGA dg,) 13 a prqktive qvtem of sets and Q P iim projdg, is a b&ction 



The zuthos wish to thaak Rofersor ~1. Flato. l5r itucrcbag tiiinr. apdally 
on eventud rpplicatioas of the present CoStntctioo to qu3ntum thcdcs 


