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ABSTRACT. We consider and answer in the negative the question whether, given a Lie group
representation, analyticity of a vector for the representatives, in the differentiated representation,
of a set of Lie generators of the Lie algebra implies analyticity for the group representation.

0. INTRODUCTION

Let g denote a real finite-dimensional Lie algebra {X,, ..., X,} a set of Lie generators of g (ie.,
which generate g by linear combinations and commutators), and 7 a representation of g by
skew-symmetric operators on a dense invariant domain D in the Hilbert space . One then knows
[2]: (i) VX € g, the set D, (w{X)) of analytic vectors of #(X) is invariant under the action of n(g);
(ii) if all elements of 2 are analytic for each operator #(X;) 1 < i< r, then there exists a unique
unitary representation U7 in J( of the connected simply-connected Lie group G with Lie algebra g,
such that V.X €@, m(X) is contained in the skew-adjoint generator dU(X) of the unitary one-
parameter group ¢ — L{e™).

When the hypothesis in (ii) is satisfied, one may then ask the following questions:

(1) Are elements of D necessarily analytic for the group representation U/; in other words,
does analyticity for each #(X;) 1 < i < r imply analyticity for a(X) vAicg?
(2) For X« g,is D, (7(X)) necessarily invariant under the action of the group representation U/?

We here prove that answers to these questions are negative. More precisely, let I/ denote the
quasi-regular representation of SU(2) in L2(S;), {/1. /1. J3) the basis of su(2) with [J;, J;] = €ud)-
Then we show in Section 2 that there exists C™-vectors for U/, which are analytic for dU{/, ) and
d&iJ; )., and however are not anaiytic for dU{/; ); there also exists vectors in 2(S; ) which are
analytic for dU(/, ) and dU(/; }, but which are not C™ for U. In Section 1, we prove that the set
of analytic vectors for the regular representation of a compact Lie group is the set of analytic
functions on the group.

1. REGULAR REPRESENTATION OF A COMPACT LIE GROUP

Let & be a (real finite-dimensional) Lie group. The space of C™ -vectors of the regular (left or right)
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representation in L,2(G) is the space C™(G) of C” -functions; the space of analytic vectors is
contained in the space C“ (G} of analytic function on G, but for noncompact G these two spaces
may not coincide [5]. We prove that, for compact G, there is coincidence.

LEMMA. Let G be a compact Lie group, g its Lie algebra, f € C¥(G) and X € g considered as a
right-inveriant differential operator. Then, there exists constants C, X 2> 0 such that

ViEN, Vx€G |1X"f(x)I<CX'n!

Proof. This lemma results of Nelson’s analytic domination theorem [4] ; however we give here
an elementary proof. Identity g with IR? (p = dim G) by choice of a basis. Let W be an open
neighborhood of the identity in G such that Z+ ¢Z is a analytic diffeomorphism of an open
polydisc P centered at 0 IR? onto W. Fix xo €G. Denote by H(U, V) the Hausdorff series, 0 C Pan open
polydisc centered at O such that H is analyticon @, x @, and H(Z, Z'YePvZ, Z' € Q, ,and
let  be defined on O x 0, by W(Z Z') = e Zx0) . For X, YE 0, 111 1,
fle= X e¥xg) = Y(~tX, ¥). Denote by (&1, ..., £p:M1» - Mp) the coordinates in IRP x RF. Then

5 (-1t "

7l 1,
fy +ek A =n ”1! es np! a‘;;:ll . agpp

d” n
7 VX ) = (~X, DX . Xpp

where X, ..., X, are the components of X. Let  C @, be a closed polydisc centered at 0 with
radii < 1. As y is analytic, there exists constants A4, & > 0 such that forx, y € Q, ifI1< |:

"y
aEl .. 0EP

(~tX, Y)‘éAﬁ"n! (n, +...tnp=n).

Then

n

d 1]
S, Y)|<A(6p) !

hence LX"f(e¥xo)|<AGPY'n! vaEN, VX, Y € (. By compacity of G, the lemma is proved.

PROPOSITION. Let G be a compact Lie group, U its left regular representation in L*(G). The
space of analytic vectors of U is C¥(G).

Proof. Denote by X —+ U.,(X) the representation of g on C™ -vectors of U, ang let f € C¥(G)
Then, VX € g, U.(X)f = Xf, X being considered as the right invariant differential operator. From
the Lemma, there exists C, A >> Q0 such that

“(Ua(X))"f“LZ(G) < Cwol (G)?\"n! vune N

i.e., fis analytic for U.{X), vX€g.
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2. ANALYTICITY FOR LIE GENERATORS VERSUS ANALYTICITY

21 1letG=8SU(2), 9=su(2)and {J,.J;, f1} the basis of g defined by

J_"(U 1) 1_1(0_1 J_,-(lo
"2\t 0/ P 2\10 /)7 TP 2\0 -1

we have [Jy, 1, ] =Js, [F2, J3] =1, [F5, 4, ] =J; and the corresponding one-parameter groups

cos /2 Isintf2 cos t/2 —sin ¢/2 g et
etJ" = s eU: = , o = .
isin#2 cosif2 sin /2 cos /2 0 g2

There is only one conjugacy class in $u(2) and we shali utilize the following formulae:

are

et']‘l =efﬁ'(/2)]1 eus e("/2)~r1 (1)
e =@ ofhs ¢ 02 (1ER). (2)

In the complexification g¢ of g, introduce as usual
H. =i, ¥4,, Hy=iJs.
Then
[Hy, H. ) =*H., |H., H_]=2H,.
2.2 Denote by I/ the quasi-regular representation of G in the Hilbert space X = £%(S,)
(R)NE) =78, xEG,EE8,, FELYS;)
with respect to the usual action of G (via SO(3)) on the sphere S, . Since S, is analytically
isomorphic with the homogeneous space G/H, H = {e"/a; t € IR}, the space of ¢~ -vectors for U/

is of the space of C”-functions and, from Section 1, the space of analytic vectors is the space
C*(8;) of analytic functions.

2.3 Still denote by Ji (1 €k <3), H,. H; the operators U..(Jy), U (H. ), Un{H; ) in H, with
domain D = C™(S,), defined by the differential representation {/., of @, and let J = dU(Jx) the
closure of J, (skew-symmetric generator of the unitary one-parameter group ¢ — U(e"k}).
It is known that U= e, DD . (DD, 1€ + N, unitary irreducible representation of SU(2).)
Let {¥Y["{EN, - m < I} the orthonormal basis of J consisting of the spherical harmonics.
Then:
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Y =mYP,  Ho Y[ =aa Y HY[R =ap V! 3)
withal =(/ta){—n+1),-I<n<l

2.4 From (3), H; = i/5 is the operator defined on the domain

oo i had i
Dp =1f= Yoty 5 T mtlatlP <t

=0m -1 =0 m=-1

o

ﬁaf=
i

mal' Y7
—t

1l

13
i A~

0m

Hence the space of analytic vectors of J; is

D)= {f= Z 2 ar Y e 3 Ela>oz Z a2 657 < oo
I=0 m=-1 1=0 m= —i

2.5 From(1)and (2), f€ ¥ is analytic for J, (resp. J, ) if and only if U(e™21 )£

(resp. U(e ™2 )£) is analytic for J3. From [3, p. 85], for all € N, the restriction of U(e™?7: )
10 the subspace K with basis {¥7, —1 < m </} has matrix in this basis (Pﬁn, A rem <t
where Pi,,’ » is the generalized spherical function:

(e o m)iEayt v i N m
le,n(ﬂ)‘ 21(I—m)! v (I+m)!([—n)!( )( )/2(1.4.”)( )lﬁdp [(1 “)1 {1 _hu); 1

We shall denote pi,,, n =P n(0). Then =%~ o= . aF YI? € 3 is analytic for J, if and only
if there exists & >> O such that

fad i ! 2
5 5;|'Z P, naf|" €5 < too, (@)

=0 m
Now, denote by (@h, )_r< m, n <7 the matrix of the restriction of U{e™ ™2z 1o 3.
LEMMA.
p =0
Proof. From (1),

e_(ﬂfz)-,: = e_("rlz)"l e_'(ﬂfz)'fz) e("/z)‘]l .
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AsJ3 Y = —imY]", the matrix of the restriction of Ue™™5) to H{? is the diagonal matrix
("™)_r< m <1- Hence, we get

{

g!m,n= z pi‘n,kikpgc,n
k=1

Since Pl p =Pk, ¥, m. Now ply i = (—=1)*""ph, &, hence
{ ! k! {
9m, n :(“l)m z (- Pm, kP, n
k=1
= (=LY ey = (Y D
by [3, p. 91 formula (28] (Q.ED.)

From the lemma, f= Z;% o 25 - _; af" Y™ € ¥ is analytic for J, if and only if there exists o > 0
such that

i I

i
z z l z (_")"pin,nﬂ? ]"“eaim|<+°°‘ )

I=0m=—-1 n=-1

2.6, The analytic vectors for U are those of B =(1 — &)Y =2 (/T + {7 + 1), where A is the
closure of the Laplacian A =J? +J2 +J2 which here is the Casimir. Hence f = Z/2, 2 . _,a" YT €N
is analytic for Uif and only if there exists & > 0 such that ;2 o(Zh, - 1l 7) e < +4oo,

27 letf= X oY EH (Z5= ol 312 < 400). From (4) and (5), f is analytic for Jf; if and only if
it is analytic for J; .

LEMMA.

o !
Y Iph 1t em <t Ve, 0<a<2l0g 2.
I=0m=-—i

Proof. We have pl, ;1% = llzzz(lflm). For a > 0, since

!
2 (lilm)em;nl < e—ai(l + oy +eal(1 _,_e;a)zz’

m=—l
there exists C, > 0 such that

i

5 (lf’;)e“‘m‘gca ¢, WEN
m=—!
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therefore £ o b= _p' o, 112 €™ < OB g /@218 D) angd the lemma is proved.

From the lemma, any vector f= Zy2 \ N YH(E; | IN#* < +o0) is analytic for J; and for J;.

Take first A; = e~ VT Then fis a C™-vector for the representation U, but fis not an analytic
vector, in particular £is not analytic for J5.

Take now A, = 1/L Then fis not a C*-vector for U, however it is analytic for J; and J; .

We also deduce the existence of vectors which are analytic for J; and J,, but not for J, , by

utilizing
PR i em/4
x=z ( . . eG
je i o-in/a

such that 4 d(x)J =y with @ = (1, 2, 3) ciicular permutation.
In particular, there exists vectors f which are analytic for J; and J, though U(e™™2z)fis
not analytic for J;.

3. CONCLUSION

Analyticity for (the representatives of) a set of Lie generators {X;, ..., X,} heing not sufficient
to ensure analyticity for the whole Lie algebra, it is necessary to introduce ‘mixed conditions’ like

Tr(X, ). 7 X el <C™n!, C>0,VneN, 1<y, .1, <r.
That such conditions indeed imply analyticity of ¢ for the whole Lie algebra is still unknown,
though the answer is positive for some ‘stratified’ nilpotent Lie algebras [1].
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